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Abstract
In this paper we consider the 2D dissipative quasi-geostrophic equations and study the regularity criterion of the solutions. By
means of a commutator estimate based on frequency localization and Bony’s paraproduct decomposition, we obtain a regularity
criterion
∇⊥θ ∈ Lr (0, T ; B˙0p,∞) for 2p + αr  α, 2α  p ∞,
which is an obvious extension of the result in [B. Dong, Z. Chen, A remark on regularity criterion for the dissipative quasi-
geostrophic equations, J. Math. Anal. Appl. 329 (2007) 1212–1217] where their restrictive condition on p is 4α  p ∞.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
We consider the following 2D dissipative quasi-geostrophic equations with α ∈ (0,1]{
∂t θ + u · ∇θ + κΛαθ = 0, x ∈ R2, t > 0,
θ(0, x) = θ0(x), (1.1)
where θ(x, t) is a real-valued function of t and x, which represents the potential temperature, the fluid velocity u is
determined from θ by a stream function ψ with the following form
u = (u1, u2) =
(
− ∂ψ
∂x2
,
∂ψ
∂x1
)
and (−) 12 ψ = −θ, (1.2)
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J. Yuan / J. Math. Anal. Appl. 340 (2008) 334–339 335here κ > 0 is the dissipative coefficient, Λα = (−)α2 , ∇ = (∂x1 , ∂x2), ∇⊥ = (−∂x2 , ∂x1). Denote R⊥ = (−R2,R1)
with Rj (j = 1,2) be the Riesz transform defined by
R̂kf (ξ) = −i ξj|ξ | fˆ (ξ).
Using the above notations, it has
u = −∇⊥(−) 12 θ = −R⊥θ. (1.3)
The system of quasi-geostrophic equations (1.1) is an important model in geophysical fluid dynamics, they are
special cases of the general quasi-geostrophic approximations for atmospheric and oceanic fluid flow with small
Rossby and Ekman numbers. For more details about its physical background, we can refer to Constantin, Majda and
Tabak [9], Pedlosky [15] and references therein. When α = 1, Eq. (1.1) exists deep analogy with the 3D Navier–
Stokes equations. The case α > 1 is called subcritical, α = 1 is critical, and 0 < α < 1 is supercritical. For the study of
well-posedness of quasi-geostrophic systems, we can see Constantin and Wu [10], Constantin, Cordoba and Wu [8],
Chae and Lee [3], Cordoba [7], Wu [18,19], Ju [12]. The latest results can be referred to Caffarelli and Vasseur [1],
Kiselev, Nazarov and Volberg [13].
For the study of the regularity criterion to (1.1) for critical and supercritical case, Constantin, Majda and Tabak [9]
obtained the following conditions
lim sup
t↗T
‖θ‖Hm < ∞ if and only if
t∫
0
∥∥∇⊥θ(t)∥∥
L∞ dt < ∞, (1.4)
where m  3, holding for solutions of both viscous and inviscid (κ = 0) equations. Later on, Chae [2] showed the
absence of singularities of θ in [0, T ] for the solution in [0, T ) when it satisfies the conditions
∇⊥θ ∈ Lr(0, T ;Lp(R2)) with 2
p
+ α
r
 α, 2
α
< p < ∞. (1.5)
Recently, Dong and Chen [11] extend the regularity result from Lebesgue spaces into Besov spaces, their result is
∇⊥θ ∈ Lr(0, T ; B˙0p,∞(R2)) for 2p + αr = α, 4α  p ∞. (1.6)
The main method used by Dong and Chen is logarithmic inequality, we will use different technique to extend the
condition imposed on p to 2
α
 p ∞, the method we use is the Commutator estimate based on Fourier localization
technique and Bony’s paraproduct decomposition. The main theorem is as follows:
Theorem 1.1. Let T > 0, θ(x, t) is a solution of the quasi-geostrophic equation (1.1) in [0, T ) with α ∈ (0,1], if θ
satisfies
∇⊥θ ∈ Lr(0, T ; B˙0p,∞(R2)) for 2p + αr  α, 2α  p ∞, (1.7)
then the solution θ(x, t) is regular on (0, T ].
2. Preliminaries
In this section we set our notations and recall the Littlewood–Paley theory and Bony’s paraproduct decomposition,
and set up so-called commutator estimate, which is to be used in the proof of our theorem.
Let S(R2) be the Schwartz class of rapidly decreasing functions. Given f ∈ S(R2), the Fourier transform of f
defined by
fˆ (ξ) = (2π)−1
∫
2
e−ix·ξ f (x) dx.
R
336 J. Yuan / J. Math. Anal. Appl. 340 (2008) 334–339We consider χ,ϕ ∈ S(R2) respectively supported on B = {ξ ∈ R2, |ξ |  43 } and C = {ξ ∈ R2, 34  |ξ |  83 } which
satisfies
χ(ξ) +
∑
j0
ϕ
(
2−j ξ
)= 1, ∀ξ ∈ R2,
∑
j∈Z
ϕ
(
2−j ξ
)= 1, ∀ξ ∈ R2\{0}.
Setting ϕj = ϕ(2−j ξ), then suppϕj ∩ suppϕj ′ = ∅ if |j − j ′|  2 and suppχ ∩ suppϕj ′ = ∅ if |j − j ′|  1. Let
h = F−1ϕ and h˜ = F−1χ , the dyadic blocks are defined as follows
jf = ϕ
(
2−jD
)
f = 22j
∫
R2
h
(
2j y
)
f (x − y)dy,
Sjf =
∑
kj−1
kf = 22j
∫
R2
h˜
(
2j y
)
f (x − y)dy, j ∈ Z.
Informally, j = Sj+1 − Sj is a frequency projection to the annulus |ξ | ≈ 2j , while Sj be frequency projection to
the ball |ξ | 2j . The details of Littlewood–Paley decomposition can be found in Triebel [17] and Chemin [4]. Now
Besov spaces in R2 can be defined as follows:
B˙sp,q =
{
f ∈Z ′(R2) ∣∣∣ ‖f ‖B˙sp,q =
(∑
j∈Z
2jsq‖jf ‖qp
) 1
q
< ∞
}
, q = ∞,
B˙sp,∞ =
{
f ∈Z ′(R2) ∣∣∣ ‖f ‖B˙sp,∞ = sup
j∈Z
2js‖jf ‖p < ∞
}
,
where Z ′ denotes the dual space of Z = {f ∈ S; Dαfˆ (0) = 0; ∀α ∈ Nn multi-index}, especially when p = q = 2,
B˙s2,2 = H˙ s . In addition, normal time-space Besov space first introduced in Chemin and Lerner [5] are defined by
Lr
(
B˙sp,q
)= {f ∈D(I ;Z ′(R2)) ∣∣∣ ‖f ‖Lr (B˙sp,q ) =
( T∫
0
∥∥2js∥∥jf ‖p‖rlq dt
) 1
r
< ∞
}
.
Now we recall the definition of Bony’s paraproduct decomposition, which can be turned to Chemin [4] for refer-
ence. Consider two tempered distributions u and v in Z ′, because u =∑j ju and v =∑j jv, then the product of
u and v can be written as uv =∑j ′,j j ′uju, we can write
uv = Tuv + Tvu+R(u, v), (2.1)
here
Tuv =
∑
j
Sj−1ujv, R(u, v) =
∑
|j−j ′|1
j ′ujv. (2.2)
Now we introduce the Commutator estimates and logarithmic Sobolev inequality, which is very important in our
theorem proof. The proof of Lemma 2.1 relies on the Bony’s paraproduct decomposition we just introduced. See Chen
and Miao [6], Chemin [4], Chemin and Lerner [5], Planchon [16], Kozono, Ogawa and Taniuchi [14] for the specific
proof.
Lemma 2.1 (Commutator estimates). Let 1 p1,p2 ∞, σ > 0, σ1, σ1 be real numbers satisfying σi < dpi , then thefollowing inequality holds∥∥2jσ∥∥[f,j ]∇g∥∥L2∥∥l2  ‖∇f ‖B˙σ1p1,∞‖g‖B˙σ−σ1+ dp12,2 + ‖∇g‖B˙σ2p2,∞‖f ‖B˙σ−σ2+ dp22,2 , (2.3)
here [f,j ]∇g = f · j∇g − j(f · ∇g), in addition, if σ1 = 0,p1 = ∞, then ‖∇f ‖B˙σ1p1,∞ must be replaced by‖∇f ‖L∞ , the same case if σ2 = 0,p2 = ∞, then ‖∇g‖ ˙ σ2 must be replaced by ‖∇g‖L∞ .Bp2,∞
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l
, then for f ∈ B˙n/hh,ρ ∩Bsl,σ ,
we have, there exists a constant C depending only on n,h and l, but not on ρ,σ such that
‖f ‖∞  C
(
1 + ‖f ‖
B˙
n/h
h,ρ
(
log+ ‖f ‖Bsl,σ
)1−1/ρ)
, (2.4)
where log+ f (x) = log(f (x)+ e).
3. Proof of Theorem 1.1
Applying the operator j on Eq. (1.1), we have
∂tjθ +j(u · ∇θ)+ κΛαjθ = 0, (3.1)
multiplying the above equation by jθ , and integrating over the space variable in R2, it has
1
2
d
dt
‖jθ‖22 + κ
∥∥∇ α2 jθ∥∥22 = ∫
R2
j(u · ∇θ)jθ dx.
Using the fact∫
R2
(u · ∇)jθ ·jθ dx = 0,
we have
1
2
d
dt
‖jθ‖22 + κ
∥∥∇ α2 jθ∥∥22 = −∫
R2
[u,j ]∇θ ·jθ dx. (3.2)
Multiplying 22j (2+α) on both sides of (3.2), then taking the sum about j , we get
1
2
d
dt
‖θ‖2
H˙ 2+α + κ‖θ‖2H˙ 2+α+ α2 
∑
j∈Z
22j (2+α)
∥∥[u,j ]∇θ∥∥2‖jθ‖2

∥∥2j (2+α− 1p )∥∥[u,j ]∇θ∥∥2∥∥l2∥∥2j (2+α+ 1p )∥∥jθ‖2‖l2 . (3.3)
Choose σ = 2 + α − 1
p
, f = u, g = θ , σ1 = σ2 = 0, when p = ∞, Lemma 2.1 tells us∥∥2j (2+α− 1p )∥∥[u,j ]∇θ∥∥2∥∥l2  ‖∇u‖B˙0p,∞‖θ‖
B˙
2+α− 1p + 2p
2,2
+ ‖∇θ‖B˙0p,∞‖u‖
B˙
2+α− 1p + 2p
2,2
. (3.4)
By the expression (1.3) and the Lp (1 p ∞) boundedness of Riesz transform of ju, we know that
‖∇u‖B˙0p,∞  ‖∇θ‖B˙0p,∞, ‖u‖
B˙
2+α− 1p + 2p
2,2
 ‖θ‖
B˙
2+α− 1p + 2p
2,2
. (3.5)
Taking (3.4), (3.5) into (3.3), finally we have
1
2
d
dt
‖θ‖2
H˙ 2+α + κ‖θ‖2H˙ 2+α+ α2  ‖∇θ‖B˙0p,∞‖θ‖
2
H˙
2+α+ 1p
 ‖∇θ‖B˙0p,∞‖θ‖
αp−2
αp
·2
H˙ 2+α ‖θ‖
2
αp
·2
H˙
2+α+ α2
 ‖∇θ‖
αp
αp−2
B˙0p,∞
‖θ‖2
H˙ 2+α +
κ
2
‖θ‖2
H˙
2+α+ α2
, (3.6)
where we use the Gagliardo–Nirenberg’s inequality with the condition p  2
α
and Young’s inequality. So we have
d ‖θ‖2
H˙ 2+α + κ‖θ‖2 2+α+ α  C‖∇θ‖
αp
αp−2
˙ 0 ‖θ‖2H˙ 2+α . (3.7)dt H˙ 2 Bp,∞
338 J. Yuan / J. Math. Anal. Appl. 340 (2008) 334–339The Gronwall inequality together with ‖θ‖2  ‖θ0‖2 yields
sup
t∈[0,T ]
‖θ‖2
H 2+α  ‖θ0‖2H 2+α exp
(
C
T∫
0
‖∇θ‖
αp
αp−2
B˙0p,∞
dt
)
, (3.8)
let q = αp
αp−2 , that is q satisfies
2
p
+ α
q
= α, then for r  q such that 2
p
+ α
r
 α, by the Hölder inequality on time
variable, (3.8) reduced to be
sup
t∈[0,T ]
‖θ‖2
H˙ 2+α  ‖θ0‖2H˙ 2+α exp
(
CT 1−
q
r ‖∇θ‖q
LrT (B˙
0
p,∞)
)
. (3.9)
If p = ∞, by Lemma 2.1, choose σ1 = σ2 = 0, p1 = p2 = ∞, we have
1
2
d
dt
‖θ‖2
H˙ 2+α + κ‖θ‖2H˙ 2+α+ α2 
∑
j∈Z
22j (2+α)
∥∥[u,j ]∇θ∥∥2‖jθ‖2

∥∥2j (2+α)∥∥[u,j ]∇θ∥∥2∥∥l2∥∥2j (2+α)‖jθ‖2∥∥l2

(‖∇u‖∞ + ‖∇θ‖∞)‖θ‖2H˙ 2+α . (3.10)
Using (1.3) and Lemma 2.2 which applied with h = ρ = ∞, l = σ = 2, s = 1 + α, we have
‖∇u‖∞ + ‖∇θ‖∞  C
(
1 + ‖∇θ‖B˙0∞,∞
(
log+ ‖∇θ‖H 1+α
))
, (3.11)
which together with ‖θ‖2  ‖θ0‖2 and (3.10) implies that
sup
t∈[0,T ]
‖θ‖2
H 2+α  ‖θ0‖2H 2+α exp
(
C
T∫
0
(‖∇u‖∞ + ‖∇θ‖∞)dt)
 ‖θ0‖2H 2+α exp
(
C
T∫
0
(
1 + ‖∇θ‖B˙0∞,∞
(
log+ ‖θ‖H 2+α
)))
. (3.12)
Define Z(t) = log+(‖θ‖H 2+α ) = log(‖θ‖H 2+α + e), we deduce that
sup
t∈[0,T ]
Z(t)Z(0) +CT +C
T∫
0
‖∇θ‖B˙0∞,∞Z(t) dt. (3.13)
Then the Gronwall inequality yields, for r  1 satisfying 2∞ + αr  α
sup
t∈[0,T ]
Z(t)
(
Z(0) +CT ) exp(CT 1− 1r ‖∇θ‖Lr(B˙0∞,∞)). (3.14)
By standard argument on continuation of local solutions, from (3.9) and (3.14), if condition (1.7) holds, then the
solution is regular on (0, T ]. That is the end of our proof. 
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